MISLIN GENUS OF MAPS 



JIANZHONG PAN AND MOO HA WOO 

Abstract. In this paper, we prove that the Mishn genus of a (co- 
)H-map between (co-)H-spaces under certain natural conditions is 
a finite abehan group which generahzes results in ZabrodskyQ , 
McGibbon§ and Hurvitzg 



1. Introduction 

Let X be a nilpotent connected CW complex of finite type and 
be the p-Iocalization. The Mislin genus|0] of X is the set G{X) of the 
homotopy types of nilpotent connected CW complexes Y of finite type 
such that Y(,p) ~ X(p) for all prime p. In general G{X) is not trivial. 
The first general result about Mislin genus is that of Wilkerson: 

Theorem 1.1. Let X he a 1-connected CW-complex of finite type. 
If Hn{X, Z) = for n sufficiently large or 7r„(X) = for n sufficiently 
large , then G{X) is finite. 

In general it is difficult to determine the set GiX). An exceptional 
case is the following result of Z abr o dsky [p| p!0| . 
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Theorem 1.2. Let X be a 1-connected rational H-space (i.e., space of 
finite type such that its rationalization is an H-space) with only finitely 
number of nontrivial homotopy groups. Then the following is an exact 
sequence 

[X, x]i ^ {zy ± 1)^ ^ G{x) 

where i is a certain positive integer depending on X , I is the number 
of integers k with QH^{X;Q) ^ and [X,X]f is the set of homotopy 
classes of the self-maps of X which are i- equivalences. 

Remark 1.3. QH*{X; Q) in the above Theorem is the indecomposable 
module of the algebra H*{X, Q) over Q. 

Recently McGibbon generalized this to the case of connected 
nilpotent rational H-space and to the case of 1-connected rational co- 
H-space. 

On the other hand Hurvitz^ introduced the genus of maps as follows 

Definition 1.4. Let / : X ^ y be a map between two nilpotent 
connected CW complexes X, Y. The genus G{f) of / is defined to 
be the set of equivalence classes of maps f : X' Y' such that for 
each prime p there exist homotopy equivalences hp : X^^^ X(p) and 
K ■ ^{p) Y{p) satisfying f^p)hp ~ kpf^^^, where two maps // : X^ Yl 
, i = 1, 2, are equivalent if there exist homotopy equivalences g : X[ ^ 
X'^ and h:Yl^ Y^ such that f!^g ~ hf[. 

Let [/, f]t be the set of equivalence classes of pairs {h^ k) of t-equivalences 
h : X ^ X., k -.Y ^Y satisfying kf ~ fh where t is a positive integer. 
One of the main results in Hurvitz's paper is the following extension 
of Zabrodsky's result. 
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Theorem 1.5. Let f : X ^ Y be an H-map between H- spaces such 

that H*{X, Q) and H*{Y, Q) are primitively generated and H*{f, Q) is 
either a monomorphism , an epimorphism , an isomorphism or zero. 
Then G{f) admits an abelian group structure and there exist integers 
k and t ( depending on X, Y and f ) and an exact sequence 

The main result in this paper is the following 

Theorem 1.6. Let f : X ^ Y be an H-map between H-spaces such 
that H*{X,Q) and H*{Y,Q) are primitively generated . Then G{f) 
admits an abelian group structure and there exist integers k and t ( de- 
pending on X, Y and f ) and an exact sequence 

[/, ^ [Z|/ ± If i> ^ 

where 




1{X) if H*{f,Q) is an isomorphism 

1{X) + 1{Y) otherwise 



and 1{X) is the number of i such that 7ri{X) ^ while t will be 
defined in Section 2. 

Remark 1.7. Obviously the restriction on H*{f,Q) in Hurvitz's result 
has been removed . 

It is not clear if Hurvitz's original approach can be extended to get 
the dual result . Combining Hurvitz's and McGibbon's approaches we 
are able to extend the above result to the dual case as follows: 
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Theorem 1.8. Let f : X Y be a co-H-map between co-H-spaces 
with coprimitive generated homotopy Lie algebras . Then G{f) admits 
an abelian group structure and there exist integers k and t ( depending 
on X, Y and f ) and an exact sequence 



where 

k 



1{X) ^/7r*(/) (^Q is an isomorphism 

1{X) + 1{Y) otherwise 



and 1{X) is the number of i such that Hi{X,Q) ^ while t will be 
defined in Section 3. 



Remark 1.9. There are similar resuhs for Gyif) and G^{f) as defined 
in [^. We will omit these quite clear extensions. 

Remark 1.10. The analogue of rational (co-)H-space for map should 
be rational (co-)H-map between rational (co-)H-spaces. Although we 
are unable to extend the main results in this paper to the general case 
until now, we do believe that it is true at least for rational (co-)H-map 
between rational (co-)H-spaces with (co-)primitively generated rational 
(homotopy Lie algebras) cohomology rings. 

All spaces considered in this paper are based and of the homotopy 
type of 1-connected CW complexes of finite type. For simplicity will 
be included into the set of primes. All spaces are assumed to have finite 
number of nontrivial homotopy groups when we are dealing with genus 
of H-map while spaces are assumed to have finite number of nontrivial 
homology groups when we are concerned with genus of co-H-map. 
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lit is the ring of modt integers and Z* is the group of units in Z^. 
A map is said to be t- equivalence if it is p-equivalence for all prime p 
dividing t. 

2. Genus of maps between iJ-sPACES 

First we fix some notations. Let (X, [x) be an H-space. We shall 
denote by + the operation on [Z, X] induced by /x , by 0„ the n-th 
power map 

(/)„ = X 1) ■ ■ ■ (/i X 1 X ■ ■ ■ X 1) o (A X 1 X ■ ■ ■ X 1) ■ ■ • A 

where A denotes the diagonal map. 

In general the product ^ is not assumed to have an inverse. Never- 
theless we have the following elementary but important result 

Lemma 2.1. If{X,fi) is an H-space, then [W,X] is an algebraic loop 
for any space W, i.e., for any two maps f,g & [W,^] there exists a 
unique Df^g G [W, X] such that Df^g + g = f. 

Lemma 2.2. Let h : Xi ^ X2 be an H-map and g : Wi — ^ W2 be a 
map. For any two maps /i,/2 G [W2,Xi], we have 

hDf^j^ = Dhf,,hf2 and {Df^j.Jg = Df^gj^g. 

Remark 2.3. For the proof of the lemmas above, see 
For simplicity, denote Djg by f — g. Define 

fL = ^ - TTi - TT2 

where vri,7r2 are projections from X x X to its factors. Then for any 
coefficient A , define 

PH*{X,A) = kerH*{fL,A) 
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Now let X be a rational H-space with only finitely nontrivial ho- 
motopy groups. Denote by K{X) the generalized Eilenberg-MacLane 
space with homotopy groups T:t,{X) /torsion. Let A : X ^ X f\X 
denote the reduced diagonal map. Define PH^{X,Z) to be kernel of 
i7*(A,Z) . Let an ■ 7r„(X) PH^{X,Z) be the obvious quotient map 
of the Hurewicz homomorphism. Since X is a rational H-space , the 
map (7„ has a finite kernel and cokernel for each n. Define 

tn{X) — exp(coker(7„+i)exp(ker(7„) 
t{X)^ H tn{X) 

n<N{X) 

where , for a given finite abelian group G, expG is the smallest integer 
n > 1 such that ng = for all g E G and A^(-^) is the least integer 
such that TTniX) = for every n > N{X) . 

Let Sn{X) = exp{tarsion{H''{X,Z))) when QH''{X,Q) ^ and 
Sn{X) — 1 otherwise. Let s{X) be the sequence of integers {si{X), S2{X) 
,•••}. If / : X — > y is a map , then s(/) is defined to be the sequence 
of integers {s,{X)s,{Y), S2{X)s2{Y), ■■■} . 

On the other hand , given a H-space X with primitively generated 
H*{X, Q) and a sequence of integers s = {si, S2) ■ ■ ■ } , an s- maximal 
map for X is a map (fx '■ X — > K{X) such that for each n there exist 
{xi,--- ,Xr} e Z) which projects to a basis of Pm{X, Q) and 

a basis {ti, • • • , i^} for PH'^{K{X), 7^) /torsion with {(px)*{k) — SnXi. 
If X is an H-space and (fx is an H-map, then the maximal map will be 
called primitive. An elementary but useful result is as follows: 

Lemma 2.4. can be divided by the integer exp{T: n{ fiber {(fx))) 

for an s-maximal map of X . 
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Remark 2.5. Any s(X)-maximal map of an H-space X is primitive. 

Now we define the integer t in Theorem |1.6| as follow: 

Definition 2.6. Given an H-map f : X ^ Y between two H-spaces, 
i = t{XMY)Y H s^{X)sr,{Y) 

n<ma.x{N{X),N{Y)) 

Let / : X — i> y be a map between two rational H-spaces with prim- 
itively generated rational cohomology and s be a sequence of integers 
S2, ■ ■ ■ }• Then an s-maximal map for / is a homotopy commutative 
diagram 

X Y 



K{X) K{Y) 
where ({>Xi are s-maximal maps. If the map / is also an H-map, then 
an s-maximal map for / is called primitive if fx-, ^x-, V^y are H-maps. 

Remark 2.7. Any s(/)-maximal map for / is primitive. 



In this section we will prove Theorem |1.6| . Before that , however, we 
need several preliminary results . 

Theorem 2.8. Let X he an H-space with primitively generated H*{X, Q 
and with only finitely nontrivial homotopy groups and W be any space. 
Then 

(i) For every map f : Wp —>■ Xp, there exist an integer n and a map 
g : W ^ X such that {n,p) = 1 and gi^p) ~ 

(ii) Given two maps /i,/2 : W X so that (pxfi ~ where 
ifx '■ X K{X) is a primitive s-maximal map, then (j)t'f2 ~ 4't'fi 
where t' = Yl tn{X)sn- 

n<N{X) 
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Proof. The statement (i) is essentially the same as that of Theorem 2.1 
in i. 

To prove the part (ii),it suffices to prove that (pt'k ~ * by Lemma 



2T2| where k = Df^j^. The given conditions and Lemma ^]2| imply that 
ifxk ~ *. The result follows from an induction by Postnikov tower of 
map ifx , see the proof of Theorem for details of a dual proof. □ 



Theorem 2.9. Let f : X ^ Y be an H-map between two H-spaces and 
I be an integer with I = p^^ ■ ■ -pf" . Than given two spaces X', Y' , a 
function f : X' ^ Y' and homotopy equivalences hp. : X', — > X^ 



K^ ■ ^(k) ^ ^fe) satisfying f(^p,)hp^ ~ 
h: X' ^ X,Y' ^Y so that fh ~ kf. 



kpj'fj^.y there exist l-equivalences 



Proof. It is Theorem 2.2 in 



□ 



Theorem 2.10. If f : X ^ Y is any map between rational H-spaces. 
Suppose that an s{f ) -maximal map of f is given as in the following 
diagram. 

h 



•fix 



K{X) 




K{Y) 



K{Y) 



Then for every pair [a, j3), where a : K{X) K{X) and (3 : K{Y) 
K{Y) are t- equivalences such that [3g ~ ga, there exist a map f : X' 
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y, /' G G{f) and i- equivalences h : X' ^ X and k : Y' ^ Y such that 
the every diagram in the following cube commutes up to homotopy and 
fx',fY' are s{f) -maximal maps. 



Remark 2.11. It is easy to know that, if a,f3 are homotopy equiva- 
lences, then /' is equivalent to /. 

Proof. It is Theorem 3.4 in □ 



Theorem 2.12. Let f : Xi X2 be an H-map between H-spaces 
such that if*(Xi,Q) and if*(X2,Q) are primitively generated. Let 
f':Yi-^ Y2 be a map between rational H-spaces. Choose s{f)-maximal 
maps fxif'y for f,f' respectively so that the maximal map for f is 
primitive. 

Then given a pair of maps (ai, 02) (^s in the following diagram sat- 
isfying a;2/y = fxC(i, there exist mappings hi : Yi Xi, i = 1,2, so 
that all the diagrams in the following cube commute up to homotopy. 




Proof. By Proposition 1.8 in |]T0| , for each pair (ai, 02) in the Theorem, 
there exist mappings h'^ -.Yi ^ Xj so that ^XiK ~ (.pYi4't{Xi)t{X2)(^i- It 
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is easy to know that v?x2^2fi' ~ 7^X2/^1 • Theorem ^]8| imphes that 



since / is an H-map. The result follows by taking hi = (pt'h'^ where 

t' = i/t{Xi)t{X2). □ 



Theorem 2.13. Let f be as in Theorem \1.6i . Given a primitive s(/)- 
maximal map g of f , there exists a commutative cube up to homotopy 
as follows 



X X K{X) ^ X 




K{Y) X K{Y) K{Y) 

where dxi'&Y restrict to the identity on the first factor and fi are the 
standard multiplication on product of Eilenberg-MacLane spaces and 
left face is the given maximal map. 



Proof. The proof is similar to that of Theorem ^.121 using Proposition 
4.6 in [^]. Although we modified the notion of maximal map, we have 
also modified the integer i{X) to ensure that it remains valid. □ 
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Theorem 2.14. Let f : X ^ Y be as in Theorem |j.6| . Given [f] G 
G{f), then there is a commutative cube up to homotopy 

X' X 

fx 

K{X) 




K{Y) 



KiY) 



where h, k are i- equivalences , all the vertical maps are maximal maps, 
the back and front face diagrams are homotopy pullback diagrams and 



a 



l[a, : K{X) K{X),(3 = : K{Y) ^ K{Y) 



where 



ai : K{TXi{X)/torsion,i) — > K{TTi{X) /torsion, i) 
Pj : K{7ij{Y) /torsion, j) K {TTj(Y) /torsion, j) 

and 

K{X) = Y[K{7t,{X)/torsion,i),K{Y) =Y[K{7rj{Y)/torsion,j) 



Proof. Take t-equivalences h : X' X,k : Y' Y a.s granted by 
Theorem ^]9| so that fh ~ kf. We will try to define the other 
maps in the above diagram so that the Theorem is true. Without 
loss of generality, we can assume that there is only one / such that 
7ri(X) Q = vri(F) Q = if z 7^ /. Choose rational H-space struc- 
tures on X', Y' such that /i(o), fc(o), /(q) are H-maps. It is always possible 
to choose bases{xi, ■ ■ ■ , x^j} for PH\X, Z) /torsion and {x[, ■ ■ ■ ,x'^^} 
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for PH''{Y,'Z)/ torsion so that PH*{f,Z) /torsion is diagonal with re- 
spect to these bases and {xi, ■ ■ ■ and {x[,--- ,x'^^} are bases 
for PH*{X,Q) and PH*{Y,Q). Let ifix,^Y be defined by si{f)xi = 
{(px)*i^) and Si{f)x'j = (v9y)*(t^.) where {ti, ■ ■ ■ ,Lri} is a basis for 
H\K{X), Ij) /torsion and {t^, ■ ■ ■ , is a basis for H\K(Y), Z) /torsion. 
Then g is also of the diagonal form under the bases. Choose elements 
{yi, ■ • ■ , y,J G if'(X', Z) and {y[, ■ • ■ , i/^J G //'(F', Z) such that they 
projects to bases of PH*{X',Q) and PH*{Y',Q) respectively. Define 
the maps Lpx', V^y similarly. Since k, h are t-equivalences and rational 
H-maps, we can write 

{h)*{xi) = ^ Xwyi' + Vi, ik)*{x'j) = ^ X'j^.y'j, + wj 

where det Ajj/, det A^-^-, are prime relative to i and Vi,Wj are torsions. 
Certainly we can find Vi and wj so that 

Let ifx' be the map which sends each to si(f){yi + vi) and ({>y' 
be the map which sends each l'^ to si{f){yj + Wj) and set /5, a to be 
the maps which send ^ and t'j to Xl-^jj'^i' ^^"^ J2 ■^'jj'^^'j' respectively. 
Obviously what we have to verify is that (fy'f ~ Q^x'- It is easy 
to know from diagram chasing argument that jSipY'f ~ l3g<^x'- Now 
(v^y /')*('-«) ~ iOfx'Yik) = Ui which are torsion of order dividing t for 
all i. Ui = for all i iff ^ Xu'Ui/ = for all i iff fiipyf' ~ (3g<fx' since 
det Ajj' is prime relative to i. Now it is clear that the front and back 
squares are homotopy pullback. □ 



Proof of Theorem Without loss of generality, we can assume that 
there is an integer / such that 7rj(X) (g) Q = 7ri(F) (g) Q = if z 7^ /. By 
Theorem |2.10| and Theorem p.l4| it follows that there exists a surjection 
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^ : T G{f) where 

T = {{a,P)\Pg ~ ga,a and P are t-equivalences}. 

In other words, there is a surjection C,' '■ T' ^ G{f) where 

T' = {{A,,A2)\Ai e M(Z,ri), (detAj) = l,t = 1,2, A^C = CA^} 

where M{'L,n) is the set of n x n matrices and Ai,A2,C represents 
a, j3, g respectively. 

Given {Ai,A2), (-Bi,i?2) G T' such that det A^ = det (mod i) for 
i = 1,2, then an elementary calculation shows that Ai = BiGi + 
iHi, A2 = B2G2 + iH2, {Gi,G2) G T',detG'i = det = l{modi) 
and H2G = GHi. Claim |2.15| implies that we can assume det Gi = 
det G2 = 1- It follows from Theorem |2.14| and Theorem p.l3| and 



Remark 2.11 that ^' (Ai, A2) = ^' {Bi, B2). Thus ^' factors through the 



map det : T' — > (Z|)"'^^"'"'*^^\ The rest of the proof is the same as that 
ofHurvitzU]. □ 

Claim 2.15. Given Gi, G2 with det Gi = det G2 = l{modi) and (Gi, G2) G 
T'. There exist Hi e GL(Z,ri), H2 G GL(Z,r2) such that {Hi, H2) G 
T' and GiHi = Id + iH[, H2G2 = Id + tH'^ 

Proof. Assume, without loss of generality, that the mi x 777-2 matrix 
G has entries zero unless those on diagonal. Then (^1,^2) G T' is 
equivalent to the equations 

{Gi)ijCjj = Cii{G2)ij, for < z,j < /o 
{G2)ij = for i < Zo and j > /q 



{Gi)ij = for j < Iq and i > Iq 
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where Ca, < i < Iq, are the nontrivial terms in matrix C. The proof of 
the existence of the matrices Hi, H2 with the prescribed properties will 
be given by mathematical induction and it is obvious for / = 1. Assume 
it is also true for / < s, we will prove it for / = s. If Iq < mi, using 
elementary matrix we can find Hi e GL{Z, ri) such that {Hi, Id) e T' 
and we have the following modulo t equation 



{GiH 



ii i = nil, Iq < j < mi 

1 a i — mi, j — m2 
{Gijij otherwise 

Similarly we can find H2 G GL{'L, if h < with similar properties. 
It follows that we can assume Iq = mi = m2. In this case (Gi, G2) € T' 
is equivalent to the equations 

{Gi)ijCjj = cu{G2)ij, for i,j < Iq 

The equations above imply that Gi and G2 are determined by one 
matrix. Thus the result follows from the corresponding result in the 
one matrix case. □ 

3. Genus of co-H-maps between co-H-spaces 

As in the last section we fix some notations first. Throughout this 
section all spaces will be 1-connected finite CW complexes with ra- 
tional co-H-space structures. Given space X, let M(X) denote the 
bouquet of spheres whose reduced integral homology is isomorphic to 
Z) /torsion. For any space X, let Qn^^X) denote the quotient of 
7r*(X) by the subgroup generated by all Whitehead products in 7i^{X). 
An s-maximal map from M{X) to X is one that satisfies a condition 
dual to that in the rational H-space case. A s-maximal map of a co-H- 
space is called coprimitive if it is a co-H-map. 
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Let Sn{X) = exp(torsion{nk{X))) when QiTn^X) Q 7^ and = 
1 otherwise. Let s(X) be the sequence of integers {si{X), S2{X), ■ ■ ■ } 
. If / : X — > F is a map , then s(/) is defined to be the sequence of 
integers {si{X)s,{Y), S2{X)s2{Y), ■■■} . 

On the other hand , let (T„ : Qtt„{X) /torsion — > Hn{X, Z) be induced 
by the Hurewicz homomorphism. Since X is a rational co-H-space, an 
has finite kernel and finite cokernel for each n. Define 

tn(X) = exp(cokercr„_|_i)exp(kercr„) 

and 

t{X)= H tn{X) 

n<N{X) 

where N{X) is the least integer so that , for every n > N{X), Hn{X) = 
0. As in the last section, we have the following 

Lemma 3.1. s„t„(X) can be divided by the integer exp{Hn{C {(fx) , ^)) 
where C{f) is the homotopy co fiber of f and fx is an s-maximal map 
ofX. 



Remark 3.2. Any s(X)-maximal map of a co-H-space is also coprimi- 
tive. 



Now we define as before an integer i in Theorem |1.8| as follow 



Definition 3.3. Given a co-H-map f : X ^ Y between two co-H- 
spaces, 

i = t{XMY)f II Sn{X)sn{Y) 

n<max(Af(X),Af(y)) 

Let X be a rational co-H-space, we say 7r*(X) is coprimitive gen- 
erated as Lie algebra if there exists a Lie algebra basis {xi, ■ ■ ■ ,Xn} G 
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TT^{X) I^Q = 7r^,(X(o)) such that Xi is represented by a co-H-map 

Let / : X — ^ y be a map between two rational co-H-spaces with 
coprimitive generated rational homotopy groups. Then an s-maximal 
map for / is a homotopy commutative diagram 

X Y 



fx 



M{X) M(r) 

where ipxi'-py are s-maximal maps. If the map / is also a co-H-map, 
then an s-maximal map for / is called coprimitive if fxi^Xi^v are 
co-H-maps. 

Remark 3.4. Any s(/)-maximal map of a co-H-map / is coprimitive. 



In this section we will prove Theorem O . As before , we need several 
preliminary results which are dual to those in the previous section. Let 
(X, v) be a co-H-space. We shall denote by -|- the operation on [X, W] 
induced by z/ , by r)n the map 

= F ■ ■ ■ (F V 1 V • ■ ■ V 1) o (7/; V 1 V • • ■ V 1) ■ ■ ■ (V^ V 1)?/' 

where F denotes the folding map. 

In general the product v is not assumed to have an inverse. Never- 
theless we have the following elementary but important result 



Lemma 3.5. // (X, v) is a co-H-space, then [X, W] is an algebraic 
loop for any space W , i.e., for any pair f,g & [X,W] there exists a 
unique Df^g G [X, W] such that Dj^g + g = f. 
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Lemma 3.6. Let h : Xi —>■ X2 be a co-H-map and g : Wi — ^ W2 be a 
map. For any pair /i,/2 G [X2, VTi], we have {Df-^j^)h = Df^hj2h o>'>T'd 



Remark 3.7. The proof of the lemmas above are dual to that in 



The dual of Theorem 2.8 is 



Theorem 3.8. Let X be a 1-connected co-H-space and W be a space 
with a finite number of nontrivial homotopy groups. Then we have the 
following: 

(i)For every map f : — W(^p) there exist an integer n, {n,p) = 1 , 
and a map f : X —* W so that f(^p-) ~ frjn. 

(li) If two maps fi, f2 ■ X ^ W satisfy fiLpx ~ f2'^x, then /a?]*' ~ 
fiTjt' where ipx '■ M{X) X is a coprimitive s-maximal map and 

t'= n tniX)Sn. 

n<N{X) 

The part (i) is dual to Theorem 2.1(i) in ||^, so we will only give a 
detailed proof of the part (ii) . 

Proof. As mentioned before, the maximal map (fx as in the Theorem 



exists. Let k = Df^ j^. It suffices to prove that k-qf ~ * by Lemma 
The given condition and Lemma ^]6| imply that kifx ~ *. Now consider 
the Moore-Postnikov decomposition of the map (fx '■ M{X) X. A 
typical term in the decomposition fits into the following 



M(X) X 
where X^") = M{X) and map X(") ^ is the mapping cone of 

a map /c^") : M{Hn+i{C{fx),^),n) and M(G,n) is the type 



^,(M(G,n),Z) 
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G — n Moore space : 

G if i = n 
if i ^ n 

By the condition on X , there is an integer s such that X^^^ = X. Let 
tn = Y[i<n^ii^)^i- ^^^^ provc that knr]t„ ~ * where fc„ : X^^^ — * W 
is the map induced hj k : X ^ W which will completes the proof since 
for n = s, k = kn and t' = tn. We will proceed by induction. It is 
obvious for the case n = . If the statement is true for n , we want to 
prove it for n + 1. From the cofibration 

M(i7„+i(C((^x),Z),n) ^ X(") X("+i) 

the following exact sequence is exact: 

[M(i7„+i(C((^x),Z),n + l),W^] ^ [X^^+'\W] ^ [X^^\W] 

Now (r?tj*(fl'^"^)*(/i;„+i) = iVtnY'kn = . Since g^""^ is a co-H-map, it 
follows by Theorem [4.1| that k^+irit^ belongs to image of the group 
[M{Hn+i{C{ipx), Z), n + 1), W] which has exponent dividing tn+i{X). 
Therefore it follows that A;n+i'7t„+is„+i ~ * which completes the induc- 
tion. □ 



The result dual to Theorem 2.9 is 



Theorem 3.9. Let f : X ^ Y be a co-H-map between two co-H- 
spaces, I be an integer with I = p'^^ ■ ■ -p^" . Given two spaces X', Y' , a 
function f : X' Y' and homotopy equivalences hp. : Xp- Xp., kp- : 
Yp^ — i> Yp. satisfying kp.fi^p.) ~ f[p^)hp^, then there exist I -equivalences 
h: X ^ X',Y ^Y' so that kf ~ fh. 

Proof. The proof is exactly the dual of that of Theorem 2.2 in P|. □ 



The following is what is dual to Theorem p. 10 
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Theorem 3.10. If f : X Y is any map between rational co-H- 
spaces , Suppose that an s{f ) -maximal map of f is given as in the 
following diagram. 



M{X) 



M{X) 




M{Y) 



Then for every pair {a, (3) where a : M{X) — > M{X), (3 : M(Y) 
M{Y) are t- equivalences such that [3g ~ ga, there exist a map f : 
X' Y', f G G{f) and i- equivalences h : X ^ X' and k : Y ^ Y' 
so that the every diagram in the above cube commutes up to homotopy 
and ipx', V^y o'^e s{f)-maximal maps. 

Remark 3.11. It is easy to know that, if a, (3 are homotopy equiva- 
lences, then /' is equivalent to /. 



Proof. The proof is dual to that of Theorem 3.4 in 



□ 



That Dual to Theorem |2.12| is the following 



Theorem 3.12. Let f : Xi ^ X^ be a co-H-map between co-H-spaces 
such that 7r*(Xi)(^Q and (ii"^ coprimitively generated. 

Let f : Yi ^ Y2 be a map between rational co-H-spaces. Choose 
s{f)-maximal maps fx,fY fo'^' f,f', respectively, so that the maximal 
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map for f is coprimitive. Then given a pair of maps (ai,a2) satis- 
fying a2fx = fyOLi o,s in the following diagram, there exist mappings 
hi : Xi ^ Yi, i = 1,2, so that all the diagrams in the following cube 
commute up to homotopy. 




Mix- 



Proof. An exactly dual proof can be given for Theorem |2.12| , except 
that, instead of using Theorem p.8| and Proposition 1.8 in [|l^ , we ap- 



peal to Theorem p.8| and Theorem |3.13| below which is dual to Propo- 

□ 



sition 1.8 in 10 . 



Theorem 3.13. Let X be a finite co-H-space and (px '■ M{X) —>■ X 
be a s-maximal map and g : M{X) ^ W be any map into a space W . 
Then there exists a map h : X ^ W such that hipx ~ QVtix) ■ 

Proof. Let d : X X\/ M{X) be the co-action given in Proposition 
5.6 IP with respect to maximal map (fx- Then h is the composite 
X ^X\J M{X) ^"^ifiy ''^ WyX where V\w = id and VU = *• 

It is easy to verify that h is what we want. □ 



Theorem 3.14. Let f be as in Theorem \l.^ . Given a coprimitive s(/)- 
maximal map g of f , there exists a commutative cube up to homotopy 
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as follows 



M{Y) 



ipY 



M{X) 



M{X)\/ M{X) 




M{Y)\I 



ifY V 




V Vt 



X\jM{X) 



y\Jm{y) 



where '&x,'&y project to the identity on the first factor and v are the 
standard multiplication on bouquet of spheres. 



Proof. The proof is similar to that of Theorem ^.121 using Proposition 
5.6 iniBl. □ 



Theorem 3.15. Let f : X Y be as in Theorem |j.<§| . Given [/'] G 
G{f), then there is a commutative cube up to homotopy 

M{X) M{X) 




M{Y) 
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where h,k are i- equivalences, the vertical maps are all s(f) -maximal 
maps , the hack and front face diagrams are homotopy pushout diagrams 
and 

a = \/ar. M{X) M{X),(3 = \/ (3j : M{Y) ^ M{Y) 

i 3 

where 

Ui : M{H,{X,Z)/torsion,i) M{Hi{X,Z) /torsion, i) 
I3j : M{Hj{Y,Z) /torsion,]) M{Hj{Y,Z) /torsion, j) 

and 

M{X) = ^M{Hi{X,Z)/torsion,i),M{Y) = ^M{Hj{Y,Z) /torsion, j) 

i 3 

Proof. Take t-equivalences h : X Y,k : Y ^ Y' a,s granted by 
Theorem ^]9| such that kf ~ f'h. We will try to define the other 
maps in the above diagram so that the Theorem is true. As in the 
dual case , we can assume there is only one / such that Hi {X, Q) = 
HiiY, Q) = if i 7^ /. Choose rational co-H-space structures on X' , Y' 
such that /i(o), k^Q-^, f are co-H-maps. As in the dual case we can choose 
elements {xi, ■ ■ ■ G 7r*(X), {x[, ■■■ ,x'^^e n^{Y) , {yi, ■ ■ ■ G 

TT^{X') and {y[, ■ ■ ■ ,y[.^} G Ti^iY') such that they project to bases of 
vr*(X)(g)Q , 7r,(r)(g)Q , 7r,(X')(8)Q and 7r,(r)(g)Q respectively. 
As in the dual case TT^,{f) /torsion is of the diagonal form with respect 
to these bases and 

{h)^{xi) = ^ \ii>yi> + Vi, ik)^{x'j) = ^ >^'jj'y'j' + Wj 

where det Ajj/ , det A^-^v are prime relative to t and Vi,Wj are torsions. 
Certainly we can find Vi and Wj so that 

= ^ Xii'iyi' + Vi,), ik)^{x'j) = ^ >^'jj'iyj' + Wji) 



MISLIN GENUS OF MAPS 23 

Let {li, ■ ■ ■ , t^j} be a base for if*(M (X), Z)/torsion and ■ ■ ■ ,t'^^} 
be a basis for H^{M(Y),Z) /torsion. Define {pY,(px by si{f)xi = 
(v^x)*('-j), si{f)x'j = {(pY)*{i^'j) respectively and define g so that its 
matrix with respect to {li, ■ ■ ■ ,Lri}, {l'i, ■ ■ ■ , '-rj} is the same as that of 
TT^{f) /torsion . Let ipx' be the map which sends each ^ to si{f){yi+Vi) 
and ipY' be the map which sends each l'j to si{f){y'j + Wj) and set a, [3 to 
be the maps which send Li and l'^ to ^ Ajj'ii/ and ^ '^'jji'^'ji i respectively. 
Obviously the only thing we have to verify is that v^yf? ~ /Vx'- It is 
easy to know from diagram chasing argument that gfya ~ f'ipx'd- 
Now {g{pY')^:{Li) — {{px' f')*{Li) = Ui which are torsions of order dividing 
t for all i. Ui = for all i iff ^ Ki'Ui' = for all i iff gipY'O ~ f'ipx'Ct 
since det Xar is prime relative to t. □ 

Proof of Theoreri jl . 8{ . Without loss of generality, we can assume that 
there is an integer / such that QTTi{X)(^Q = Q7rj(F)(g)Q = if 
i ^ I. By Theorem |3.1CI| and Theorem p.l5| it follows that there exists 
a surjection ^' : T — > (?(/) where 

T = {(a, l3)\j3g ~ ga, a and P are t-equivalences}. 

In other words, there is a surjection ^' : T' — G{f) where 

r = {{Ai,A2)\Ai e M{Z,ri), {det A,,i) = l,z = 1,2, A^C = CA^}. 

and M(Z, n) is the set of n x n matrices and Ai, A2, C represent a, f3, g 
respectively. Given {Ai, A2), {Bi, B2) E T' such that det Ai = det Bi 
(mod t) for i = 1,2, then an elementary calculation shows that Ai = 
BiGi + m, A2 = B2G2+iH2 , {Gi,G2) e T',detGi = detGa = 
l{modt) and G2G = GH2. Claim |2.15| implies that we can assume 
det Gi = det G2 = I- It follows from Theorem |3.15| and Theorem p. 14 



and Remark [3 . 1 1| that ^'{Ai, A2) = ^' {Bi, B2). Thus ^' factors through 
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the map det 
of HurvitzU 



T' (Zt)'(^)+'(^). The rest of the proof is dual to that 

□ 



4. Some results about co-H-spaces 



In this section we will prove a result about co-H-spaces which is 
needed in the last section and which may have independent interest. 
This result concerns about the relative homology decomposition of a 
map . Zabrodsky had proved that the Postnikov decomposition of an 
H-map consists of H-spaces and H-maps (c.f., Corollary 2.3.2 in ||^). 
The dual result is also true under our assumption that all co-H-spaces 
we are concerned are 1-connected. 

Theorem 4.1. Let f : X ^ Y be a co-H-map between co-H-spaces. 
Then the homology decomposition of f consists of co-H-spaces and co- 
H-maps. 

Remark 4.2. When the map / is the inclusion of the base point into the 
space X , the homology decomposition of / is the Moore decomposition 
of X. In that special case the above Theorem was already obtained by 
M.ArkowitzU and M.Golasinski and John R. Kleing] 

To prove the Theorem above we will follow Zabrodsky's approach 
to the dual result. First let us recall results about the obstruction of 
a map between co-H-spaces to be a co-H-map , see Arkowitz|]I]| for a 
comprehensive survey about co-H-space. 

Let XbX be the space of paths in X x X beginning in X\/ X and 
ending at the base point and let i : XbX —^X\JX assign to a path 
its initial point. Then we have a short exact sequence 



^ [^]x,fi(x6x)] [^x,^{x\J X)] [^]x,^](x x x)] ^ o 
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where ii, 12 are the inclusions to the first and second factors oi X\/ X. 
The comultiplication u : XX \/ X determines an element 

lix = -^ii - + VLv e [Vlx, Vl{x \j X)] 

such that = 0. Thus there exists a unique element Hijj) G 

[VLX,VL{XhX)\ such that {VLi)^{H{v)) = fix- We call H{iy) the dual 
Hopf construction (applied to u). It is well known that (3 : — > X 
is a co-H-map if and only if H{v)fi = in [A, VL{XhXy\ where TjA has 
the standard comultiplication on the suspension and (3 is the adjoint 
of the map 13 . 

Lemma 4.3. Let f : (X, z/^) — > ("K, z/y) be a co-H-map between co-H- 
spaces and f3 : X be a map. Then 

H{uy){nfp) = n{fbf)H{ux)p 

Proof. It follows from the equation fiyi^fP) = Q{fbf)fixP which can 
be verified directly. □ 

It is well known that XbX has the weak homotopy type of T,flX /\ QX. 
The following is a special case of a general result given by Golasinski 
and Klein. 

Lemma 4.4. ^ If f : X ^ Y is a co-H-map between co-H-spaces and 
f is n-connected with n > 1. Then fbf is n + 1-connected. 

Remark 4.5. The authors learned of this result through the discussion 
list of Hopf archive. Thanks go to all those who have shared information 
about this with us. 
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Proposition 4.6. Let f : {X, vx) — ^ iXi vy) be a co-H-map. Suppose 
f is n- connected with n > 2. Given any map (3 : Z1M(G, — 1) = 
M{G,n) ^ X so that f(3 ~ *, then (3 is a co-H-map. 



Proof. By Lemma 4.3 , we have 



* = H{vy){*) = HMinfp) = nifbf)Hiux)p 

On the other hand, i/(z/x);5 G [M{G,n-l),n{XbX)] = 7r„_i(fi(X6X), G). 
Thus (3 is a co-H-map if H{ux)^ = 0. Now Vt{fhf)H{vx)^ = . The 
universal coefficient formula for homotopy group with coefficient and 
Lemma |4.4| imply that Q{fbf) induces a monomorphism which gives 
the desired equation H{vx)j3 = 0. □ 



Proof of Theorerr \4.1\ . Now the proof of Theorem |4.1| follows from an 



induction by the homology decomposition of the co-H-map / together 
with Proposition [4.6| and the fact that cofiber of a co-H-map is a co-H- 



space and the inclusion of the cofiber is a co-H-map. □ 
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